BOUNDED ULTRAIMAGINARY INDEPENDENCE AND ITS
TOTAL MORLEY SEQUENCES
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ABSTRACT. We investigate the following model-theoretic independence rela-
tion: b \Lb,: c if and only if bdd"(Ab)Nbdd"(Ac) = bdd"(A), where bdd"(X) is
the class of all ultraimaginaries bounded over X. In particular, we sharpen a re-
sult of Wagner to show that b \Lb/‘; cif and only if (Autf(M/Ab)UAutf(M/Ac)) =
Autf(M/A), and we establish full existence over hyperimaginary parameters
(i-e., for any set of hyperimaginaries A and ultraimaginaries b and ¢, there is a
b’ =4 bsuch that b’ \Lb;; c). Extension then follows as an immediate corollary.

We also study total J/b“ -Morley sequences (i.e., A-indiscernible sequences
I satisfying J J/bx K for any J and K with J + K =EM ), and we prove that

an A-indiscernible sequence [ is a total J_/bu—Morley sequence over A if and
only if whenever I and I’ have the same Lascar strong type over A, I and
I’ are related by the transitive, symmetric closure of the relation ‘J + K is
A-indiscernible.” This is also equivalent to I being ‘based on’ A in a sense
defined by Shelah in his early study of simple unstable theories [9].

Finally, we show that for any A and b in any theory T, if there is an Erdés
cardinal k() with |Ab|+|T| < k(a), then there is a total _|”"-Morley sequence
(bi)i<m over A with by = b.

INTRODUCTION

A central theme in neostability theory is the importance of various kinds of ‘generic’
indiscernible sequences—usually with Michael Morley’s name attached to them—
such as Morley sequences in stable and simple theories, strict Morley sequences in
NIP and NTP, theories, tree Morley sequences in NSOP; theories, and \Lb—Morley
sequences in rosy theories. A very broad question one might ask is this: How
generically can we build indiscernible sequences in arbitrary theories?

Over a model M, we can always extend a given type p(x) € S,(M) to a global
M-invariant type ¢(x) D p(z) and then use this to generate a sequence (b;);<y
satisfying b; = q[Mb; for each i < w. In some cases the particular choice of ¢(x)
matters, but typically these sequences are robustly generic. Sequences produced
in this way have a certain property, which is that they are based on M in the
sense of Simon; i.e., for any I and J with I =5; J =5 by, there is a K such
that I + K and J + K are both M-indiscernible. In NIP theories, the sequences
with this property are precisely the sequences generated by an invariant type [11]
Prop. 2.38]. Over an arbitrary set of parameters A, however, there may fail to be
any indiscernible sequences based on A. In the dense circular order, for instance,
there are no indiscernible sequences based on @. Other technical issues also arise
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when working over arbitrary sets, such as the necessity of considering Lascar strong
types over and above ordinary types.

A notion of independence |* is said to satisfy full existence if for any A, b,
and c, there is a b’ =4 b such that ' |* ¢ Together with a common model-
theoretic application of the Erdds-Rado theorem (Fact , this implies that for
any A and b, one can build an |*-Morley sequence, an A-indiscernible sequence
(b;)i<w With by = b satisfying b; |~ L b<i foreach i <w (assuming | " also satisfies
right monotonicity). Model-theoretically tame theories often have full existence
for powerful independence notions, such as non-forking, but this does fail in some
notable tame contexts.

One independence notion that is known to satisfy full existence in arbitrary theo-
ries is that of algebraic independence [2, Prop. 1.5]: b |*, cif acl®(Ab)Nacl®(Ac) =
acl®¥(A). A natural modification of this concept is bounded hyperimaginary indepen-
dence: b |, c if bdd"*(Ab) Nbdd"*(Ac) = bdd"*I(A). Despite perhaps sounding
like an intro-to-model-theory exercise, the combinatorics necessary to prove full ex-
istence for |* are somewhat subtle. It was recently established in [4] by Conant and
the author that |* satisfies full existence in continuous logic and, relatedly, that

b, . Lo . . . .
| satisfies full existence in discrete (and continuous) logic, answering a question

of Adler [1, Quest. A.8]. While the relations of |* and |” are algebraically nice
they seem to lack semantic consequences outside of certain special theories (such as
those with a canonical independence relation in the sense of Adler [IL Lem. 3.2]).
While being able to build | *-Morley sequences is certainly good, in many appli-
cations the important property is really that of being a total | " -Morley sequenceﬂ
which is an A-indiscernible sequence satisfying b>; |~ 4 b<i for every i < w. When
| lacks the algebraic properties necessary to imply that all | *-Morley sequences
are total |"-Morley sequences, it can in general be difficult to ensure their ex-
istence. Total |“*-Morley sequences arise in Adler’s characterization of canonical

independence relations. And building total J/K—Morley sequences, where \J/K is the
relation of non-Kim-forking, is a crucial technical step in Kaplan and Ramsey’s
proofs of the symmetry of Kim-forking and the independence theorem in NSOP;
theories [6].

In simple theories, Morley sequences over A are not generally based on A in
the sense of Simon. They do however nearly satisfy this property. If I and J
are Morley sequences over A with I =L J E| then there are I’ and K such that
I+ 1, I'+ K, and J + K are A-indiscernible. In an NSOP; theory T, if I is a
tree Morley sequence over M = T and J =j; I, then we can find Ky, K;, and
K5 such that I + Ky, K1 + Ko, K1 + Ko, and J + K> are all M-indiscernible (see
Proposition |4.28). These facts suggest the consideration of the following equivalence
relation, originally introduced by Shelah in [9] Def. 5.1]: Let ~~4 be the transitive,
symmetric closure of the relation ‘I + J is A-indiscernible.” The intuition is that
what it means for an A-indiscernible sequence I to be ‘based on A’ is that there

n the sense of the algebra of an independence relation, not the sense of the algebra in
‘algebraic closure.’

2This use of the term ‘“total’ in the context of Morley sequences was originally introduced in
[6].

3The equivalence relation Ek is the transitive closure of the relation ‘there is a model M O A
such that b=p; ¢.” If b EIA ¢, we say that b and ¢ have the same Lascar strong type over A.
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are few a2 4-classes among the realizations of tp(I/A). We say that I is based on A
in the sense of Shelah if there does not exist a sequence (I;);<, (with x large) such
that I; =4 I for each i < k and I; %4 I; for each i < j < k. A simple compactness
argument shows that I is based on A in the sense of Shelah if and only if the
set of realizations of tp(I/A) decomposes into a bounded number of = 4-classes.
In 3| Def. 2.4}E| Buechler used this relation to define a notion of canonical base.
He focuses on @-indiscernible sequences and gives the following definition: A is a
canonical base of the @-indiscernible sequence I if any automorphism o € Aut(M)
fixes A pointwise if and only if it fixes the ~g-class of I. One difficulty with this
concept, of course, is that not all indiscernible sequences have canonical bases in
this sense (even in 7%, e.g., [1 Ex. 3.13]).

Two of the problems we have mentioned—the lack of canonical bases for indis-
cernible sequences and the lack of semantic consequences of |* and Lb—can both
be solved by an extremely blunt move: the introduction of ultraimaginary parame-
ters. An ultraimaginary is an equivalence class of an arbitrary invariant equivalence
relation (as opposed to a type-definable equivalence relation, as in the definition of
hyperimaginaries). Every indiscernible sequence I trivially has an ultraimaginary
canonical base in the sense of Buechler, i.e., the ~g-class of I itself.

Another appealing aspect of ultraimaginaries is that they characterize Lascar
strong type in the same way that hyperimaginaries characterize Kim-Pillay strong
type. An ultraimaginary [b] g is bounded over A if it has boundedly many conjugates
under Aut(M/A). We will write bdd"(A) for the class of ultraimaginaries bounded
over A. In general, it turns out that b and ¢ have the same Lascar strong type
over A if and only if they ‘have the same type over bdd"(A),” once this concept is
defined precisely.

Pure analogical thinking might lead one to consider the following independence
notion: b | ¢ if bdd"(Ab) N bdd"(Ac) = bdd"(A). This notion is implicit in a
result of Wagner [13| Prop. 2.12], which we restate and expand slightly (Proposi-
tion: b \Lb: ¢ if and only if (Autf(M/Ab) U Autf(M/Ac)) = Autf(M/A) (where
(X) is the group generated by X). This characterization is clearly semantically
meaningful, and moreover it allows one to discuss J/bu without actually mentioning
ultraimaginaries at all. One way to see why this equivalence works is the fact that
ultraimaginaries are ‘dual’ to co-small sets of automorphisms; a group G < Aut(M)
is co-small if there is a small model M such that Aut(M/M) < G. For every co-
small group G, there is an ultraimaginary ag such that Aut(M/ag) = G (Proposi-
tion .

As J/bu lacks finite character, total J/bu—Morley sequences over A seem to be
correctly defined as A-indiscernible sequences (b;);<, with the property that for
any I + J =5M b<w we have that 1 b: J. The automorphism group characteri-

zation of J/bu, together with its the nice algebraic properties and the malleability

of indiscernible sequences, leads to a pleasing characterization of total J/bu—Morley

4This preprint is difficult to track down. The relevant ideas are developed further by Adler in
[1l Sec. 3.2], which is easily available.

51 EEM J means that I and J have the same Ehrenfeucht-Mostowski type over A (i.e., for any
increasing tuples b € I and ¢ € J of the same length, b =4 ¢). Note that I and J do not need to
have the same order type.
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sequences over sets of hyperimaginary parameters (Theorem [4.8]), the equivalence
of the following.

o (b)icw is a total |""-Morley sequence over A.
e For some infinite I and J, we have that [ +.J =EM b_, and I | J.

e For any I, I ~4 b, if and only if there is I' =}; I such that b, + I’ is
A-indiscernible.
e b, is based on A in the sense of Shelah; i.e., [b<y]~, € bdd"(A).

The condition in the third bullet point is a natural mutual generalization of Lascar
strong type and Ehrenfeucht-Mostowski type (Definition [4.5). Theorem also
tells us that when total \Lbu—Morley sequences exist, they act as particularly uniform
witnesses of Lascar strong type (Proposition .

Of course this all leaves two critical questions: Does \Lbu always satisfy full
existence? And, even if it does, can we actually build total J/bu—Morley sequences
in any type over any set under any theory? The bluntness of ultraimaginaries
leaves us without one of the most important tools in model theory, compactness.
Furthermore, J/bu’s lack of finite character gives us less leeway in applying the
Erdds-Rado theorem to construct indiscernible sequences with certain properties;
we now need to be more concerned with the particular order types of the sequences
involved.

Using some of the indiscernible tree technology from [6], we are able to prove that
Lbu does satisfy full existence over arbitrary sets of (hyperimaginary) parameters in
arbitrary (discrete or continuous) theories (Theoremﬂ With regards to building
total J/b“—Morley sequences, Theorem tells us that we don’t need to worry too
much about order types. All we need to get a total J/bu—Morley sequence over
A is an A-indiscernible sequence (b;)i<w+w With b>, \Lb: b<w. This is fortunate

because constructing ill-ordered J/b“—Morley sequences directly seems daunting.
Unfortunately, w + w appears to be about one w further than we can go without
a large cardinal. What we do get is this (Theorem : For any A and b in any
theory T, if there is an Erdés cardinal k() with |Ab| +|T| < k(«a) (for any a > w),
then there is a total |”"-Morley sequence (b;)i<, over A with by = b. Without a
large cardinal, the best we seem to be able to do (Proposition [4.17)) is a half-infinite,
half-arbitrary-finite approximation of a total J/b“—Morley sequence, which we call a

weakly total \Lbu -Morley sequence. These sequences also serve as uniform witnesses
of Lascar strong type without any set-theoretic hypotheses (Corollary [4.18]).

1. ULTRAIMAGINARIES

Here we will set definitions and conventions, and we also take the opportunity to
collect some basic facts about ultraimaginaries which are likely folklore, although
we could not find explicit references.

Fix a theory T and a set-sized monster model M | T'.

6 Although this result partially supersedes a result in [4] (full existence for | in continuous logic
and \Lb in discrete or continuous logic), the proof there gives more detailed numerical information
which may be especially useful in the metric context.
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Definition 1.1. An invariant equivalence relation of arity k is an equivalence
relation £ on M* (with |z| = k) such that for any a,b, c,d € M* with ab = ¢d, aEb
if and only if cEd.

An ultraimaginary of arity & is a pair (E, ag) consisting of an invariant equiva-
lence relation E (of arity x) and an E-equivalence class ag of some tuple a € M”.
By an abuse of notation, we will write ag for the pair (E,ag), and we may also
write [a]g if necessary for notational clarity.

Given an ultraimaginary ag, Aut(M/ag) is the set of automorphisms o €
Aut(M) with the property that aE(o - a). We write Autf(M/ag) for the group
generated by {o € Aut(M/M): M <M, Aut(M/M) < Aut(M/ag)}.

We say that bp is definable over ap if bp is fixed by every automorphism in
Aut(M/ag). We write dcl”(ag) for the class of all ultraimaginaries definable over
ap. For any k, we write dcl(ag) for the set of elements of dcl"(ag) of arity at
most k. We say that bp and cg are interdefinable over ag if bp € dcl"(agces) and
cg € del"(apbr).

We say that bp is bounded over ap if the Aut(M/ag)-orbit of bp is boundedm
We write bdd"(ag) for the class of all ultraimaginaries bounded over ag. We write
bdd},(ag) for the set of elements of bdd"(ag) of arity at most x. We say that bp
and cg are interbounded over ag if bp € bdd"(agcg) and cg € bdd" (agbr).

We write agp = bg to mean that there is an automorphism o € Aut(M) with
o-ag = bg. We write bp =,, cp to mean that agbr = agcp (i.e., there is
o € Aut(M/ag) such that o - bp = cp).

Note that real elements, imaginaries, and hyperimaginaries can all be regarded
as ultraimaginaries.

An easy counting argument shows that bdd" is a closure operator (i.e., for any
ag, bp, and cg, if bp € bdd"(ag) and cg € bdd"(bp), then cg € bdd"(ag)).

We will also sometimes define an invariant equivalence relation E on the real-
izations of a single type p(z) over @. Equivalence classes of such can be thought
of as ultraimaginaries by using the same trick that is commonly used with hy-
perimaginaries: Consider the invariant equivalence relation E’(z,y) defined by
z=yV(E@@y) AzEpAyED).

For the sake of clarity, we will reserve the notation ag for ultraimaginaries and
write hyperimaginaries in the same way we write real elements. For the sake of
cardinality issues, we will also take all hyperimaginaries to be quotients of countable
tuples by countably type-definable equivalence relations. It is a standard fact that
every hyperimaginary is interdefinable with some set of hyperimaginaries of this
form.

Fact 1.2 (Shela}ﬁ). Let (b;)i<x be a sequence of tuples with |b;| < Kk and let A
be some set of parameters. If X > :(2~+|A|+|T\)+, then there is an A-indiscernible
sequence (b})i<,, such that for every n < w, there are ig < -+ < i, < k such that
By .. bl =4 big...b

i
Lemma 1.3. Let M be a model. If ag € bdd" (M), then ag € dcl*(M).

7Speciﬁcally, by Proposition this is equivalent to bp having at most 2/9°1+IT1 conjugates
over ag.
8See [12, Lem. 7.2.12] for a modern presentation of the result.
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Proof. Assume that ap ¢ dcl"(M). Let p(x) be a global M-invariant type extending
tp(a/M). Assume that there are ag and a; realizing tp(a/M) such that agFa;. For
any i > 1, given a<;, let a; = p[Mac;. Since a;a; =u a;ay for any j, k < i, we
must have that a;Fa; for any j < i. Since we can do this indefinitely, we have that
ag is not bounded over M. O

Proposition 1.4. For any ultraimaginaries ag and b, the following are equiva-
lent.
(1) bp ¢ bdd"(ag).
(2) There is an a-indiscernible sequence (c;)i<w such that co =, b and c;Fe;
for eachi < j < w.
(3) |Aut(M/ag) - bp| > 2le0I+ITI

Proof. (3)=(2). Let (b%);<(alari+iry+ be an enumeration of Aut(M/ag) - br. Let
M 2 a be a model with |M| < |a| 4+ |T|. Let = be a tuple of variables of the same
length as b. There are at most 2/%°I*I17 types in S, (M). Therefore, there must be
i < j < (21°1HITH+ such that b* =5, b/, Let p(x) be a global M-invariant type
extending tp(b'/M), and let (c;);<. be a Morley sequence generated by p(r) over
MUbib7. Since b*FbY, we must have that cof'b*. Therefore ctij for any i < j < A,
and 80 (¢;)i<w is the required a-indiscernible sequence.

(2)=(1). Given an a-indiscernible sequence (¢;);<,, as in the statement of the
proposition, we can extend it to an a-indiscernible sequence (¢;);<» for any A. These
sequences will still satisfy that c; J' ¢;j for any ¢ < j < A, so bp has an unbounded
number of Aut(M/ag)-conjugates and bp ¢ bdd"(ag).

(1)=(3). This is immediate from the definition of bdd"(ag). O

Corollary 1.5. For any A, bdd}(ag) has cardinality at most glal+2*+171,

Proof. For each o < A, |Saqa(T)| < 271, Since an invariant equivalence relation
on a-tuples is specified by a subset of S,14(T), this implies that for each o < A,
there are at most 22° " invariant equivalence relations on a-tuples. Therefore the
total number of invariant equivalence relations on tuples of length at most A is
X221 = 92 por each such F, the set {bF : bp € bdd}(ag)} has cardinality
at most 2/¢FAHTI by Proposition Finally, 22°7"" . glal+A+IT| = glal+2¥7*1 7

1.1. Co-small groups of automorphisms. Here we will see that ultraimaginar-
ies are essentially the same thing as reasonable subgroups of Aut(M).

Definition 1.6. A group G < Aut(M) is co-small if there is a small model M such
that Aut(M/M) < G.

Clearly for any ultraimaginary ag, Aut(M/ag) is co-small. The converse is true
as well.

Proposition 1.7. For any co-small G, if Aut(M/M) < G, then there is an ultra-
imaginary ag such that G = Aut(M/ag) where a is some enumeration of M.

Proof. Let M be a small model witnessing that G is co-small. Consider the binary
relation defined on realizations of tp(M) (in some fixed enumeration) defined by
E(My, My) if and only if there is o € Aut(M) and 7 € G such that o - M = M
and o7 - M = M;. We need to verify that F is an invariant equivalence relation.
Reflexivity is obvious.
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Invariance. Suppose that E(My, M), as witnessed by o € Aut(M) and 7 € G. Fix
o' € Aut(M). We then have that o'c- M = o’ - My and o’o7- M = ¢’ - M7, whence
E(O'/ . Mo,O'/ . Ml)

Symmetry. If o - M = My and o7 - M = M; with ¢ € Aut(M) and 7 € G, then
ot ! M = My and o7 - M = M;. We have o7 € Aut(M) and 77! € G, so
E(MlaMO)'

My, o7 - M = o' - M = M, and o'7' - M = M,. This implies that (o7)~!
7 lo7lo’ € Aut(M/M) < G. Since 7 € G as well, we have that o~ 1o’
Therefore 010’7’ € G. Finally, co 1o’ - M = My, so E(My, M>).

Transitivity. Suppose that for 0,0’ € Aut(M) and 7,7 € G, we have that o - M =
o =
€ G.

Consider the ultraimaginary Mpg. For any 7 € G, we clearly have E(M, - M), so
G < Aut(M/Mpg). Conversely, suppose that o € Aut(M/Mpg). By definition, this
implies that E(M,«- M), so there are ¢ € Aut(M) and 7 € G such that - M = M
and o7 - M = o - M. Therefore 0,7 to7la € Aut(M/M) < G. Since 7! € G, we
therefore have that o € G. (]

Corollary 1.8. If by € bdd"(ag), then there is cq € bdd"(ag) of arity at most
la| 4+ |T| such that bp and cg are interdefinable over &. Furthermore, ¢ can be taken
to be an enumeration of any model of size at most |a| + |T| containing a.

Proof. There is a model M 2 a with [M| < |a|+|T|. By Lemmal[L.3] we have that
Aut(M/M) < Aut(M/br), so by Proposition we have that there is c¢g with
arity at most |a| + |T| which satisfies that Aut(M/cg) = Aut(M/br) (i.e., cg and
br are interdefinable over @). Furthermore, we can take ¢ to be an enumeration of
M. O

Definition 1.9. For any co-small group G, we write [[G]] for some arbitrary ultra-
imaginary ag of minimal arity satisfying G = Aut(M/ag). We will write dcl"[[G]]
and dcl}[[G]] for dcl"([[G]]) and dcl}([[G]]) and likewise with bdd". (Note that
dcl"[[G]] and bdd"[[G]] only depend on G, not on the particular choice of [[G]].)

It is immediate from Proposition that for any co-small G and H, [[G]] €
del"[[H]] if and only if G > H. A similar statement for bdd" is given in Proposi-
tion [L12] below.

Now we can see that intersections of dcl”-closed sets (and therefore also bdd"-
closed sets) have semantic significance in arbitrary theories, in that intersections
correspond to joins in the lattice of co-small groups of automorphisms.

Proposition 1.10. For any ag, br, cq, and ¢, the following are equivalent.

(1) cc Zaa1s (ap)ndelt (br) Ca for all A
(2) There is o € (Aut(M/ag) U Aut(M/br)) such that o - cq = cg.
(3) There is a sequence (a'b'c')i<p such that a® = a, b° =b, ¥ = ¢, & =,
and for each i < n, o
o if i is even, then a' = a™' and bpcl =4 b’;“lcgl and
o if i is odd, then b’ = b and alycl; = a'gd et
Proof. Let H = (Aut(M/ag) U Aut(M/br)).

Claim. dcl}(ag) Ndcly(br) and [[H]] are interdefinable (i.e., dcly(ag) Ndcl (bp) C
del*([[H]]) and [[H]] € dcl"(dcly(ag) Ndcl(br))) for all sufficiently large A.
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Proof of claim. Clearly [[H]] € dcl"(ag) Ndcl®(br), so [[H]] € dcly(ag) Ndcly(br)
for all sufficiently large .

Conversely, suppose that d; € del"(ag) Ndcl"(br). Any o € H is a product of
elements of Aut(M/ag) and Aut(M/bg), so it must fix d;y. Therefore Aut(M/d;) >
H and hence d; € dcl"[[H]]. Oelaim

So now we have that cg =delt (ap)Ndely (br) ¢ holds for sufficiently large A if and
only if co =(m)) cg- Also note that cg =dely (ap)ndelt (bp) cg; for sufficiently large
A and only if the same holds for any A. Therefore we have that (1) and (2) are
equivalent.

There is a 0 € H with 0 - ¢c¢ = ¢ if and only if there are ag,...,an_1 €
Aut(M/ag) and Bo,...,Bn—1 € Aut(M/br) such that o = a,—18n-1 - .. 10 So-

For (2)=>(3), assume that there are such & and /3 for which

On—1Bn-10n—2 ... Braofo - cg = cg.
Let a®b°c” = abe, a'blct = a, 1 - (a®°), a?b?c? = 18,1 - (a®0°c?), and so on
up to a?"b*"c®" = apy_1Bn—10n—2...B1aofo - (a°°cY). Clearly we have that ¢Z =
g, 80 we just need to verify that (a’b'c’);<o, is the required sequence. If i < 2n is
even, then a; € Aut(M/ag), so ayy = a’l'. Furthermore, b%.c%, =a0 ;- (bpcly), 50
by invariance,

0.0y — 00
Wn—1Bn—1-- - Bit1 (VFCG) Zap_ 180 r...Bisr-al On—1Bn-1...Bit10; - (bpcg),

which is the same as b%ciG =ai, b?lcigl. If i < 2n is odd, then the same argument
tells us that b% = bi! and alycl, = altteft.

For (3)=(2), the above argument is reversible. Fix (a'zb%cl;)i<on satisfying the
conditions of (3). First we can find o, _; € Aut(M/ag) such that !, -(ahblch) =
a%b%.c%. Then we can find B,,_1 € Aut(M/bp) such that 8, .t - (a%b3c) =
a%b%.c%. Then we can find o, € Aut(M/ag) such that a;, '5 8,1 ot - (ahbhcd) =
a%b%c?. Continuing inductively in this way, we find ag,...,a,—1 € Aut(M/ag)
and Bo, ..., n—1 € Aut(M/bp) such that the same equalities as in the (2)=(3)
proof hold. Therefore there is a ¢ € H (namely ay,—18p—10n—2...B1apS0) such

that o - cq = ¢ ]

A similar statement is true for arbitrary families of ultraimaginaries: If (aj};i)ie I
is a (possibly large) family of ultraimaginaries, then cg =M, ., dely (a, ) ¢ if and
only if there is a o € (U,c; Aut(M/a};,)) such that o - ¢ = cf;. There is also an
analog of (3), but it is more awkward to state.

1.2. Lascar strong type.

Definition 1.11. For any co-small group G < Aut(M), let G be the group gen-
erated by all groups of the form Aut(M/M) < G with M a small model. For any
ultraimaginary ag, let Autf(M/ag) = Aut(M/ag) .

We say that bp and cp have the same Lascar strong type over ag, written bp
cp, if there is 0 € Autf(M/ag) such that o - bp = cp.

Proposition 1.12. For any co-small groups G and H, [[G]] € bdd"[[H]] if and
only if G > Hy.

Proof. Assume that [[G]] € bdd"[[H]]. Note that for a model M, by Lemma
we have that [[G]] € bdd"(M) if and only if G > Aut(M/M). Therefore, for any

—L
=5,
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model M with [[H]] € bdd" (M), we must have that [[G]] € bdd"[[H]] C bdd" (M)
and so G > Aut(M/M). Since [[H]] € bdd" (M) if and only if H > Aut(M/M), we
have that G > Hy.

Conversely, assume that G > Hy. This implies that for any small model M
with [[H]] € bdd" (M), we have Hy > Aut(M/M), so G > Aut(M/M) and [[G]] €
del"(M). Fix some such model N. Assume for the sake of contradiction that
[[G]] ¢ bdd"[[H]]. For any A, we can find (0;)i<x in H = Aut(M/[[H]]) such
that o; - [[G]] # o; - [[G]] for each ¢ < j < A. Since [[G]] = ag for some a with
la| < |N| by Proposition we have that if ) is larger than 2/V!*7! there must
be i < j < A such that o; - [[G]] =y 0; - [[G]]. Let N’ = ¢; ' - N. N’ is now a model
satisfying Aut(M/N’) < G. So [[G]] € dcI"(N'), but [[G]] =5 o; ‘o - [[G]] and
[[G]] # o7 o - [[G]], which is a contradiction. O

An important fact about ultraimaginaries is that bdd" has the same relationship
with Lascar strong types that bdd" has with Kim-Pillay strong types.
For any ag and bp, by an abuse of notation, we’ll write [b F]EEE for [ab]g, where

G(ab,a’b’) holds if and only if aEa’ and br =L %.. Note in particular that

[bp]ng = WF]EEE if and only if bp EEE b,

Proposition 1.13. For any ultraimaginaries ag, bp, and cg, the following are
equivalent.

(1) bp =5, cr.

(2) br =pdas(ap) cF for all A.

(3) bF =paay, , ;. (ax) CF-

Proof. To see that (1) implies (3), fix a model M with ag € bdd"(M) and some
automorphism o € Aut(M/M). By Lemma we have that Aut(M/M) <
Aut(M/ bddj, 4 pi(ag)). Therefore bp =pqqn y 0 -bp. By induction, we

al+7 (@B
therefore have that bg E{;E cr implies bp Ebdld;‘a\L\‘T\(“E) Cp.
Corollary implies that Aut(M/bdd}(ag)) > Aut(M/bdd|, 4 1 (ar)) for all
A, so (3) implies (2).
To see that (2) implies (1), note that [bg]
large A (because there are a bounded number of Lascar strong types over ag).
Therefore if br =pdau(ay) cF, We must have [bF]EEE = [CF]EEE or, in other words,

€ bdd}(ag) for some sufficiently

=L
=ag

br =% cp. O
2. BOUNDED ULTRAIMAGINARY INDEPENDENCE

Definition 2.1. Given sets of ultraimaginaries A, B, and C, we write B \Lb: C to
mean that bdd"(AB) N bdd"(AC) = bdd"(A).

Recall that bdd" is a closure operator (i.e., if ¢ € bdd"(br) and bp € bdd"(ag),
then cg € bdd"(ag)). We will ultimately show (in Proposition that the fol-
lowing are equivalent: bp J/b;E ¢a, bdd,.(agbp) Nbdd;.(agcg) = bdd}:(ag) for all
%, and bdd" (agbr) N bdd (agce) = bdd(ag) for k = |T| + |abe|. |™" satisfies
some of the familiar properties of |”.

Proposition 2.2. Fix ultraimaginaries ag, br, cq, and eg.

e (Invariance) If agbrce = aybpcy, then by J/b;E cq if and only if Uy J/b;E -
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Symmetry) bp J/b;E cg if and only if ca \Lb;; br.

Monotonicity) If brca J/b:E dgey, then bp J/b;E dr.

Transitivity) If bp J/b;E cc and dg ib;EbF cq, then bpdy J/b;E cG-
Normality) If b J/b;E ca, then apbp J/b:E apca.

(Anti-reflexivity) If br |7 br, then bp € bdd" (ar).

(
(
(
(

Proof. Everything except transitivity is immediate. The argument for transitivity
is the same as the argument for transitivity of |*: Assume that bp J/b:E cg and

dy Lb;EbF cg. Let er be an element of bdd" (agbrdy) Nbdd"(agcg). This implies
that it is an element of bdd"(agbrdy) N bdd"(agbrcg), so by assumption it is
an element of bdd"(agbr). But this means that it’s in both bdd"(agbr) and
bdd"(agcg), so, by assumption again, it is an element of bdd"(ag). O

Part of the goal of this paper is to prove full existence and therefore also extension
for \Lb“ (although only over hyperimaginary bases).

e (Full existence over hyperimaginaries) For any set of hyperimaginaries A
and ultraimaginaries by and cp, there is ¢z =4 cp such that bg \I/b: .

e (Extension over hyperimaginaries) For any set of hyperimaginaries A and
ultraimaginaries bg, cr, and dg, if bg J/b: cp, then there is by =a.,. bp
such that b J/b: crda.

A fairly general argument will allow us to upgrade =4 to =Y in the above two
conditions, which we establish in Theorem [3.6] and Corollary

Finite character fails very badly, of course: As considered in [I3] Ex. 2.8], if E is
the equivalence relation on w-tuples of equality on cofinitely many indices, then for
some sequences (a;)i<.,, we will have a—, |™[a<,]p for all n, yet acy ™ [acw]p-
Given the existence of higher and higher cardinality generalizations of the previous
example (e.g., equality on co-countably many indices on wi-tuples), local character
seems unlikely except possibly in the presence of large cardinals. We do have some
control over the relevant cardinalities, however.

Proposition 2.3. For any ag, br, and cg, bp Lb:E ce if and only if bddy (agbr)N
bdd\(agce) = bdd}(ag), where A = |ab| + |T|.

Proof. Let A = |ab|] 4+ |T|. Clearly we have that if bp J/b; ca, then bdd\(agbp) N
bdd! (apce) = bddl (ap). :

Conversely, assume that bp \,j//b;E c¢g. There is some dy € (bdd"(agbr) N
bdd"(agce)) \ bdd"(ag). By Corollary there is ey of arity at most A such that
dy and eg are interdefinable. This means that ey € (bdd}(agbr) Nbdd}(agca)) \
bdd}(ag). Therefore bdd}(agbr) Nbdd}(agce) # bdd}(ag).

(]

The following characterization of |”™ (and the manner of proof) is essentially
due to Wagner [13].

Proposition 2.4. For any ultraimaginaries ag, bp, and cg, the following are
equivalent.

(1) bp ) cq.
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(2) For any by = —aE br, there are b9,c0, bt ct ..., ¢ L b such that B0 = b,
& =c¢, b" =V, and for each i < n, bl _gEci b}“ and ciG = blﬂ cgrl if
i <n—1.
(3) (Autt(M/agbp) U Autf(M/agcq)) = Autt(M/ag).

Proof. Let H = (Autf(M/agbr) U Autf(M/agcg)).

=(3)=-(1). Assume that H # Autf(M/ag), which implies that H < Autf(M/ag)
= Autf(M/ag)s. By Proposition we have that [[H]] ¢ bdd"[[Autf(M/ag)]] =
bdd"(ag). But since Autf(M/agbr) = Autf(M/agbr)y < H and Autf(M/agcq) =
Autf(M/agce); < H, we have that [[H]] € bdd"(agbr) N bdd"(agce) again by
Proposition

(3)=(1). Suppose H = Autf(M/ag). Fix an ultraimaginary d; € bdd"(agbr)N
bdd"(apce). By Proposition[1.12] we have that H < Autf(M/agd;) < Autf(M/ag),
which implies that Autf(M/agd;) = H. Therefore by Proposition [[.12} d; €
bdd"(ag). Since we can do this for any such ultraimaginary, we have that bp J/buE cG-

(1)=(2). Let bj. = [[Autf(M/agbp)]] and cf. = [[Autf(M/agceg)]]. Note
that bdd"(agbr) = dcl" (b} ) and bdd"(agcq) = dcl”(cg.) (by Definition [1.9) and
Proposition [L.12). In particular, we have that dcl"(b}..) N del"(cg.) = bdd"(ag).

Fix bz :IEE br. By passing to a different representative of the F-equivalence class

b, we may assume that b’ =L b. Fix ¢ such that be =5 ¥'¢’. By Proposition
we have that b'c =bddl (a bc for all X, so b'c =del (bt )Ndely (5. ) be for all .

Therefore, by Prop051t10n we can find a sequence (b*'c*b'c?);<,, such that
b0 = b*, c*o =c*, 00 = bc7 b"c™ = b'c’, and for each i < n,
o if i is even, b*" = b*"t! and c*'bic! =y T L
e if i is odd, ¢** = ¢*"t! and b*bict = .0 b T
This implies, by induction, that b'c’ =} b, bitle ! and bl = bt for each even i

and bic? EaLEci bttt and ¢, = Cgl for each odd 4, so %c¢tb?c ... "~ 1b" is the
G

sequence required by the proposition (after reindexing).

(2)=(1). Assume (2), but also assume for the sake of contradiction that (1) fails.
Let dp be an element of (bdd"(agbr) N bdd“(aEcG)) \ bdd"(ag). Since dp is not
bounded over ag, there must be some dyy =;, dg such that dy ¢ bdd"(agbr) N
bdd"(agce). Find b} such that bpdy = —L b/ d/ Let 89,9, b, ¢t ..., ¢ 1, b™ be
as in (2), with b = /. Find cll/g,dl,d%,dz7 . ,d"_l/g,d” such that d'? = d and
for each i < n,

o bidy =L b and

aEc

and

’+1aZZJr i< —1.

o cLdi! EL T
We now have that bdy =5 bpdy =L bpdfy, so in particular, df, = oo, 7 For
some i < 7, consider ey € bddu(aEbZ ) O bdd"(agct,). Since e; € bdd (aEcG) and
since bt, d i/ =hddt (apci;) bi1d*! for all A (by Proposition [1.13)), we must have
that bt, dl+ 2 =upe, DA and so ey € bdd"(apbif!) as well. By the reverse
argument and since we can do this for any such ultraimaginary, we get that

bdd"(agby) N bdd*(apcy) = bdd"(agb!) Nbdd" (apcs).

Likewise, for any ¢ < n — 1, we get

bdd"(apbit!) Nbdd"(agcy) = bdd"(apby ") Nbdd"(apcd ).
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Therefore d; € bdd"(agb®) N bdd"(apcy '), so since d% =gpop dy and so
d¥; =vad(apby) dy for every A (by Proposition [1.13), we must also have dj; €
bdd"(agby)Nbdd" (apcl™ ") = bdd" (apbr)Nbdd" (apce), which is a contradiction.

O

3. FULL EXISTENCE

We will use the tree bookkeeping machinery from [6], with some minor extensions
(the notation 7 and F,).

Definition 3.1. For any ordinal o, L, is the language
{ﬁa/\a<leX7P07P1a"'7PB(B < Oé),...},

with < and <jex binary relations, A a binary function, and each Pg a unary relation.
For any ordinal «, we write 7, for the set of functions f with codomain w and
finite support such that dom(f) is an end segment of «. (For the sake of some
minor edge cases, we will regard the empty functions in various 7.’s as distinct
objects.) We write 7T, for the set of functions f € 7 with dom(f) = [5,«) for a
non-limit ordinal 5. We write F,y1 (for forest) for To41 \ {2}.
We interpret 77 and 7, as L o-structures by
e f Jgifandonlyif fCg;
e fAg=flIB,a) = gl[B,a), where 8 = min{y : f[[y,a) = gl[y,a)} (with
the understanding that min @ = «);
o f <jex ¢ if and only if either f <1 g or f and g are <-incomparable, dom(f A
g9) = [v,a), and f(v) < g(7); and
e P3(f) holds if and only if dom(f) = [, a).
We write (i), for the function {(c,4)} (which is an element of 7, ;). Given
i <wand f € TS with dom(f) = [8+1,«), we write f —~ i to mean the function
FU{(B,49)} (which is an element of 7). Given i < w and f € T, we write i —~ f
to mean the function {(a,4)} U f (which is an element of 7. +1)ﬁ
For o < 3, we define the canonical inclusion map tag : Ta — T3 by tas(f) =
FU{(1,0):7 € B\ a}. (Note that tn.as1(f) = 0 ~ f.)
For < a, we write (§ for the function whose domain is [, @) with the property
that (§(y) = 0 for all v € [3, ). (Note that (7 is 7,’s copy of the empty function.)

Given a family (by) rex, we may refer to it briefly as bex.

Definition 3.2. Given X C 7, we say that a family (by) rex is s-indiscernible over
A if for any tuples fo...fn—1 and go...gn—1 in X with fo... fn1 =4 go... gn_1,
b, ...bf, . =a by, ...bg, ,, where quantifier-free type is in the language L, o.
(Note that this does not entail that b;’s on different levels are tuples of the same

sort.)

Given f € T, we write by y to refer to some fixed enumeration of the set {bg :
g € Ta, [ 9 g}. In particular, we choose this enumeration in a uniform way so
that if (bf)fer, is s-indiscernible over A, then for any f with domain [ + 1, ),
the sequence (bsf—;)i<w is A-indiscernible. When f is an element of 7., we will
also write bs; for some fixed enumeration of the set {b, : g € 7o, f C g}. One

INote that this notation is not ambiguous when f is an empty function, as we are regarding
the empty functions in different 7. ’s as distinct objects.
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particular example of this will be sequences of the form (bzggHAi)KW, where 3 is
a limit ordinal. This is essentially the only situation in which we need to consider
TE.

Note that for a limit ordinal «, (by) e, is s-indiscernible over A if and only if
(bf) fers.a(Ts) I8 s-indiscernible over A for every 3 < a.

We will also need the following fact.

Fact 3.3 (Modeling property for s-indiscernibles [8, Thm. 4.3]). Let X be T, or
Fat1. For any (bf)rex and any set A of hyperimaginaries, there is a family of
tuples (cy)fex that is s-indiscernible over A and locally based on bex (i.e., for any
finite tuple fo ... fne1 from X and any neighborhood U of tp(cy, ...cy,_,/A) (in the
appropriate type space), there is a tuple go . .. gn_1 from X such that fo ... fr_y =4
9o ---gn—1 and tp(bg, ... by, ,/A) € U).

Note that while Fact[3:3]is normally formulated for discrete logic, the correspond-
ing statement in continuous logic follows easily from a very soft general argument:
Given a metric structure M and a tree (bs)sex of elements of M, find a large
enough that M, Th(M), and bex are elements of V,, and apply [8 Thm. 4.3] to V,
as a discrete structure and get some A-s-indiscernible family (c})rex of elements of
an elementary extension V; = V. These elements live inside a structure M* € V;
that is internally a model of Th(M). By taking the standard parts of each real-
valued predicate in M* and then completing with regards to the metric, we get a
metric structure IV that is an elementary extension of M. For each f € X, let ¢y be
the image in N of c}l under the canonical map from M* to N. It is straightforward
to check that (cf)fsex is the required A-s-indiscernible family.

Before proving full existence for \Lbu, we will need a lemma.

Lemma 3.4. Fiz o and v > a. Let (ef)ser, ., be an s-indiscernible family of real
tuples over a set A of hyperimaginary parameters. Let A = |Aes o | +|T|. Suppose
that there is an ultraimaginary cp such that cp € bddy(Aey +1)Nbddy (Aex1 7).
Then there is a model M with Acp C del*(M) and |M| < X such that (ef)ser, .,
1s s-indiscernible over M.

Proof. By Fact we can find a set of real parameters B such that |B| < |A|+|T],
A C bdd"4(B), and (ef)fer,,, is s-indiscernible over B.

Let T” be a Skolemization of T" with |T”| = |T|. Let M’ be the monster model
of T’, which we may think of as an expansion of M. By Fact we can find
(%) feF, ., locally based on (ef)ser,,, which is s-indiscernible over B (in 7). By
considering an automorphism of M (in 7'), we may assume that (b%) rex, ,, actually
is (ef)rer, ., 50 that (ef)rer,,, is s-indiscernible over B (in 7”).

Find an automorphism o € Aut(M’'/B) satisfying that for every i < w, o -
€D (i+1)yp1 = €>(i),4,- Let M be the Skolem hull of BU o - ey y+1. Note that
(ef)fer,,, is s-indiscernible over M (and therefore the same is true in 7). Fur-
thermore, note that |M| < A.

Let M; be the Skolem hull of Bey; .y for both i € {0,1}. Note that cp €
bdd}(M7) and |M;] < X. Pass back to the theory T. Note that M, My, and M;
are still models of T'. By Corollary there is an invariant equivalence relation G
(in T) such that ¢y and [M;]g are interdefinable. Therefore we have that [M]g €
bddy(Aey o+1) € bdd"(Mp) = dcl”(Mo). Find an automorphism 7 € Aut(M/M;)
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such that 7(Mp) = M (which exists by indiscernibility). 7 witnesses that [M;]g €
dcl" (M) and therefore cp € del" (M), so M is the required model. O

Now we are ready to prove full existence for J/b“, but we will take the oppor-
tunity to prove a certain technical strengthening which we will need later in the
construction of J/bu—Morley trees.

Lemma 3.5. If (by) rer, is a tree of real elements that is s-indiscernible over a set
of hyperimaginaries A, then there is a v > « and a tree (ef)seT,,, such that

® ccr,,, 18 s-indiscernible over A,
e foreach f € Ta, by =€, _,,(y), and

bu
[ ] GEC;+1 \J/AelZIACl

(Note that ey ~+1 is the original tree.)

Proof. If ber, € acl(A), then the statement is trivial, so assume that ber., ¢ acl(A).

Fix A = |AbeT, | + |T|. By Proposition we have that that ber, J/bz ¢ if and
only if bdd}(Aber,) N bdd}(Ac) = bdd}(A) for any c. Let pu = |bdd}y(Aber,) \
bdd} (A)|*.

We will build a family (e : f € ty41,,(7T741)) inductively, where 7 is some
successor ordinal less than p. By an abuse of notation, we will systematically
conflate the sets tq,,(7o) and T, (and likewise for tg,,(Fat1) and Fuqq) for all
a < p. Note that in general this will mean that exch is the same thing as ec7;.

Let ey = by for all f € 7. Since be7, ¢ acl(A), we can find a family (dy)rer, .,
extending ecr., such that (d‘ZCZ+1’\i)i<W is a non-constant A-indiscernible sequence.
By Fact @ we can define ey for all f € F, 11 in such a way that the family ecr,_,
is locally based on dez,,,. In particular, (GECZ+1’\i)i<W will be a non-constant
A-indiscernible sequence.

At successor stage 8 + 1 > a, assume that we have defined e; for all f € Fgiq
and that the family (ef)ser,,, is s-indiscernible over A. If there is no dp €
bdd) (AbeT,) \ bdd) (A) such that the family (ef)ser,,, is s-indiscernible over Ad,
let e, = @ and v = [ and halt the construction. Otherwise, let ecl,, = d.
For later reference, let Egy1 be E. Note that the family ecr,,, is s-indiscernible
over A. Since dg ¢ bdd}(A), we can find, by Proposition[I.4]} a sequence (0;);<., of
elements of Aut(M/A) such that (o;-d);<. is an A-indiscernible sequence satisfying
(0i-d)Egyi(0;-d) for any i < j < w. Now choose (ef)fer,,, in such a way that
eers,, extends what was already defined, is s-indiscernible over A, and is locally
based on the family (cy)rer,,, defined by ¢;~y = 0y - ey for all f € Tzy1 (which is
possible by Fact . In particular, note that for any ¢ < 7 < w, we still have that
(eﬁgﬂﬁi, 6(’5+2Aj) =4 (09 -d,o1 - d) and so, in particular, eC§+2“iEﬂ+1645+2Aj'

At limit stage 3, we have constructed the family (ey)se7,. Note that this family
is automatically s-indiscernible over A. Extend it to a family ecr, , that is s-
indiscernible over A. (This is always possible by Fact )

Claim. For any 8 < 6 < u, if Fg11 = Es41, then 6C5+1E5+1e<§+1'

Proof of claim. The sequence ( icw 18 quﬂ—indiscernible. Since

Ern
Chya i
e<g+2’“OE5+1 €kt

it must be the case that ngJrlEﬁ""leCE#ZAi for all i < w. Oelaim
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Let g be the partial function taking § to [645+1] Epy,- By the claim, this is an
injection into bdd}(AbeT,) \ bdd}(A). By the choice of i, g’s domain cannot be
cofinal in u, so the construction must have halted at some v < p.

Extend ecr, to ecx ,, in such a way that the resulting family is s-indiscernible
over A. Set ecr,, =2

Claim. For any cp € bdd)(Aepcr) \ bdd)(A), cp ¢ bdd}(Aes;—¢7)-

Proof of claim. Assume that there is some cx € (bdd)(Aeper) Nbdd)(Aesq 1))\
bdd}(A4). By Lemma[3.4] we can find a model M with Acp C dcl"(M) and [M| < A
such that ecr ., is s-indiscernible over M. By Corollary there is an invariant
equivalence relation G such that ¢p and [M]g are interdefinable. But this means
that we could have chosen [M]s to be dg at stage v, contradicting the fact that

the construction halted. Therefore no such c¢r can exist. Celaim
So, by the claim, we have that bdd}(Aes¢x) N bdd)(Aepq—¢3) = bddy(A).
Therefore, by the choice of A, ey ¢x J/bz es1~cy, as required. O

Theorem 3.6 (Full existence). For any set of hyperimaginaries A and real tuples
b and c, there is b/ E% b such that V' b: c.

Proof. 1t is sufficient to show this in the special case that b = ¢. Specifically, given
d and e, if we can find d’e¢’ =4 de such that d'¢’ J/b: de, then we have d’ J/b: e by
monotonicity. So fix a set of hyperimaginaries A and a real tuple b. Let B be a set
containing realizations of all Lascar strong types extending tp(b/A). We can now
apply Lemma to the family (By)se7, with By = B to get a family (Ef) et ,,
such that qu“ = B for some f € 7,41, B =4 By, and B J/bj; Bf. Let o be an
automorphism fixing A taking By to B. Let B’ = o-B. B’ still contains realizations
of all Lascar strong types extending tp(b/A), so we can find b’ € B’ with b’ =L b,
which is the required element. ([l

Corollary 3.7. For any set of hyperimaginaries A and any ultraimaginaries bg

and cp, there is by =4 bg such that by b: CF.

Proof. Apply Theorem E to b and ¢ to get b’ =L b such that b’ b: c. We then
have that bdd"(b') | "} bdd"(c), so by monotonicity, by | cp. O

Corollary 3.8 (Extension). For any set of hyperimaginaries A and any ultra-
imaginaries bg, cp, and dg, if bg J/b: cr, then there is by EﬁCF bg such that
by 17 cpde.

Proof. By Corollary we can find by = b such that by b:cp de. By sym-

metry and transitivity, we have that b’ \Lb: crdg. O

Compactness is very essential in the proof of Fact and therefore also Theo-
rem [3.6] which raises the following question.

Question 3.9. Does Theorem[3.6] hold when A is a set of ultraimaginaries?
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4. TotaL |""-MORLEY SEQUENCES

Definition 4.1. A J/bu-Morley sequence over A is an A-indiscernible sequence
(b;)i< such that b; J/bz b; for each i < w.

A weakly total J/bu -Morley sequence over A is an A-indiscernible sequence (b;);<,
such that for any finite I and any J (of any order type), if I + J =5M b_,,, then
INEWIL

A total J/bu—Morley sequence over A is an A-indiscernible sequence (b;);<., such
that for any I and J (of any order type), if I + J =5M b_,,, then I J/bz J.

We could write down stronger and weaker forms of the \Lbu—Morley condition,
but we are really only interested in total J/bu—Morley sequences, as they seem to be

a fairly robust class (see Theorem . Weakly total J/bu—Morley sequences seem
to be the best we can get without large cardinals, however, which does raise the
following question.

Question 4.2. Is every weakly total J/bu-Morley sequence a total J/bu—Morley se-
quence?

One immediate property of total J/bu—Morley sequences is that they act as uni-
versal witnesses of the relation =4 in a strong way.

Proposition 4.3. For any A and b, if there is a total J/bu-Morley sequence (b;)i<w
over A with by = b, then for any b', ¥’ =% b if and only if there are Iy, Jo, I, .. .,
In—1,In such that b € Iy, V' € I, and, for each i < n, I; + J; and I;11 + J; are
both A-indiscernible and have the same EM-type as b<,.

Proof. Let I = (b;)i<w. We only need to prove that if ¥’ =4 b, then the required
configuration exists (as the required configuration is clearly sufficient to witness
that ¥ =% b). Choose I’ so that bI =4 b'I’. Extend I to an A-indiscernible
sequence I + J with I =4 J. By assumption [ \Lb: J, so by Proposition there
are Iy, Jo, I, J1,...,Jpn_1,I, such that Iy =1, Jy=J, I,, = I, and for each ¢ < n,
I; EBJI_ I;+1 and J; Eilﬂl Jit1 if © < m. Since Iy + Jp is A-indiscernible, we can
show by induction that I; + J; and I; 1 + J; are both A-indiscernible and have the
same EM-type as Iy = b.,. O

A similar statement is true for weakly total | ”"~-Morley sequences, which we will

state in Corollary after we have shown that weakly total J/bu-Morley sequences
always exist without set-theoretic hypotheses.

4.1. Characterization of total J/bu-Morley sequences.

Definition 4.4. For any set of parameters A, we write = 4 for the transitive closure
of the relation I ~,4 J that holds if and only if I and J are both infinite A-
indiscernible sequences (of real or hyperimaginary elements) and either I + J or
J + I is an A-indiscernible sequence.

10Note that if we modified this definition to allow I to be any order type and require that
J be finite, the resulting sequences would be precisely the order-reversals of the weakly total
|PY¥-Morley sequences as we have defined the term here (by symmetry of |P%).
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By an abuse of notation, we write [I|~, for the ultraimaginary [AI]g, where FE
is the equivalence relation on tuples of the same length as Al such that E(AI, BJ)
holds if and only if A = B in our fixed enumeration and I ~4 J.

Note that we do not in general require that I and J have the same order type.
Also note that =4 is reflexive: For any infinite A-indiscernible sequence I, we can
find an infinite sequence J such that I+ J is also A-indiscernible. Then I ~4 J ~4
I, sol =41

We will also need an appropriate Lascar strong type generalization of Ehrenfeucht
Mostowski type.

Definition 4.5. Given two infinite A-indiscernible sequences I and .J, we say that
I and J have the same Lascar-Ehrenfeucht-Mostowski type (or LEM-type) over A,
written I =LEM J_ if there is some J’ Ei J such that I + J’ is A-indiscernible.

To see that the name is justified, note that two infinite A-indiscernible sequences
I and J have the same Ehrenfeucht-Mostowski type over A if and only if there is a
J' =4 J such that I + J' is A-indiscernible.

Lemma 4.6. For any infinite order types O and O', I =4 J if and only if there
are Ko, Lo, K1,...,L,_1, K, such that

e Ko=1and K,, = J,

o for 0 <i<mn, K; is a sequence of order type O,

e fori<mn, L; is a sequence of order type O, and

e fori<mn, K;+ L; and K;y1 + L; are A-indiscernible.

Proof. The < direction is obvious.

For the = direction, we will proceed by induction. First assume that I ~4 J.
If I + J is A-indiscernible, then find L of order type O’ such that I + J + L is
A-indiscernible. We then have that I + L and J + L are A-indiscernible. If J + I is
A-indiscernible, then find L of order type O’ such that J + I + L is A-indiscernible.
We then have that I + L and J + L are A-indiscernible.

Now assume that we know the statement holds for any I and J such that there
is a sequence I)),..., I}, with Ig = I, I, = J, and Ij ~4 I, for each i < n. Now
assume that there is a sequence Iy, ..., I}, with Ig = I, I}, ., = J, and I] ~4 I},
for each i < n. Apply the induction hypothesis to get Ky, Lo, K1,..., Lin_1, Kin
satisfying the properties in the statement of the lemma with Ko = I and K,,, = I,.
Now since I, ~4 I}, = J, we can apply the n = 1 case to get L,, such that
I, + Ly, and I}, + L,, are both A-indiscernible. By compactness, we can find
K, of order type O such that K, + L,, and K}, + L,,,_1 are both A-indiscernible.
We then have that Ko, Lo, K1,L1,..., Km—1,Lim—1, K}, Ly, K41 is the require
sequence, where K, 11 = J. O

Proposition 4.7. Fiz a set of hyperimaginary parameters A.

(1) =4EM is an equivalence relation on the class of infinite A-indiscernible se-
quences.

(2) If I and J have the same order type, then I =Y J if and only if I =5EM J.

(3) If I =5EM | then I =EM J.

(4) If I ~4 J, then I =5EM J.
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Proof. Recall the following fact: If I and J have the same order type and I 4 J is
A-indiscernible, then I =% J

(1). First, to see that =4FM is reflexive, note that if I is an infinite A-indiscernible
sequence, then any infinite A-indiscernible extension I+ I’ will witness that I =4FM
I. To see that E%EM is symmetric, assume that I EI;‘EM J, and let J' be as in the
definition of =FEM. Find I’ such that IJ' =% I'J. Then extend I'+J to I'+J+1",
where I” has the same order type as I. We then have that I” =% I’ =% I, so
J =LKEM [ To see that =LFM is transitive, assume that I =LEM J and J =L5EM K.
Let this be witnessed by J’ and K’ such that I+ J" and J + K’ are A-indiscernible.
Find K" with the same order type as K such that I + .J' + K" is A-indiscernible.
Then find K* such that J'K” =% JK*. Note that both J + K* and J + K’ are
A-indiscernible. By compactness, we can find K** of the same order type as K
such that K** 4+ J + K* and K** + J + K’ are both A-indiscernible. By the above
fact, we then have that K* =4 K** =L K’. Finally, K’ =% K by assumption, so
we have that K" =4 K and therefore that I =4*M K.

(2) is immediate from the fact. (3) is obvious.

For (4), it is sufficient to show that I ~4 J = I =4EM J. This follows immedi-
ately from the fact that I =% I and J =5 J. O

Now we will see that total J/bu-Morley sequences over A are precisely those
which are ‘as generic as possible’ in terms of ~4 (i.e., their =LEM_equivalence class

decomposes into a single & 4-equivalence class).

Theorem 4.8. For any A-indiscernible sequence (b;)i<w (with A a set of hyper-
imaginary parameters), the following are equivalent.

(1) bey, is a total |""-Morley sequence over A.

(2) There exists a pair of infinite sequences I and J (of any, possibly distinct
order types) such that I +J =EM b, and I J/bz J.

(3) For any K, K ~, b, if and only if K ="M b_,,.

(4) [b<w]zA € bddu(A)

Proof. (1)=(2). This is immediate from the definition.

(2)=(3). First note that if K ~, b, then K =M p_ by Proposition Let
I and J be as in the statement of (2). By compactness, we may find I’ =4 b,
such that I’ + I + J is A-indiscernible. By applying an automorphism fixing A, we
may assume that b, + I+ J is A-indiscernible. Fix K such that K =M p_,. By
compactness, we can find a K’ =4 K such that b, +1+ K’ +J is A-indiscernible.
We have that K =M b, ~4 K’ and therefore K =4 K’ by Proposition Let
ag € bdd"(AI) be an ultraimaginary satisfying dcl"(ag) = bdd"(AI). Likewise,
let by € bdd"(AJ) be an ultraimaginary satisfying dcl"(bp) = bdd“(AJ)H Since
dcl"(ar) Ndel®(bp) = bdd(A), we have that K =qc1u (1ap)ndels (sbp) K’ for all A.

HTs see this, assume that [ and J have the same order type and I + J is A-indiscernible
for some set of hyperimaginary parameters. Let M be a model with A C bddheq(M). We can
find an M-indiscernible sequence I’ + J’ finitely based on I 4+ J. In particular, this will have
I' +J =4 I+ J. Therefore we can find a model M’ =4 M such that I 4+ J is M’-indiscernible.
We then have that I =),/ J, whereby I Eh J.

12We can take ap to be [[Autf(M/AI)]] and bg to be [[Autf(M/AJ)]] by Definition [1.9] and
Proposition
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Therefore, by Proposition we can find a sequence (I'a’J'b'K");<, satisfying
that I%° = Ia, J°° = Jb, KV = K', K™ = K, and for each i < n,

e if i is even, then I‘a’ = I'T1a'T! and JB'K* =, JH BT K! and

e if i is odd, then Ji* = J**1p+! and I'a’K® =4 I'Tlat LKL
By induction, we have that I’ + K* + J* is A-indiscernible for each i < n. We
therefore have that

K=Ky~ J' ~y P ~op JP~p iy Loy K=K,
where L is either I"™ or J". Therefore K’ ~, K.

(3)=(1). Assume that for any K =5FM b, K ~,4 b.,. Let I and J be infinite
sequences satisfying I + J =5M b_,,. By applying an automorphism fixing A to
I+J, we may assume that b, +I+.J is A-indiscernible. Fix some I’ =% I. We have
that I’ =4EM p_,, which by assumption implies that I’ a4 b,,. Since by, ~4 I,
we have that I ~4 I’. By Lemma we can find Ko, Lo, K1,L1,...,Ln_1,K,
such that Ky = I, K,, = I', Ly has the same order type as J, K; has the same
order type as I for each i < n, L; has the same order type as J for each ¢ < n,
and K; + L; and K;; + L; are A-indiscernible for each i < n. Let K_; = I and
L_, = J. We now have that for each non-negative i < n, K;_1 EhLi—l K; and
L;_1 EIAKi LZ-H Therefore K_1,L_1, Ky, Lg,...,L,_1, K, is precisely the kind
of sequencé needed to apply Proposition (with the indices shifted down by 1).
Since we can do this for any I’ =% I, we have that I \Lb: J.

(3)=(4). Let x be a tuple of variables in the same sorts as b.,. There are at
most 2/4<«l+ITl many Lascar strong types in = over A. (3) implies therefore that
there are at most 2/40<<I*ITl many ~, classes with representatives that realize
tp(b<w/A). Therefore [cy,]~, € bdd"(A) for any c<,, =4 b<, and so a fortiori
[b<w]a, € bdd"(A).

(4)=(3). Let I =4FM b_,. Find I’ such that I =4 I’ and b, +1" is A-indiscernible.
Since [bey]~, € bdd"(A), we must have, by Proposition[L.4] that there are at most
2l4b<w|+IT] conjugates of [bey,)~, under Aut(M/A). For any I” =4 I', we can find
Cew =4 bey, such that I” ~4 c.,,. Therefore there are at most 2/40<<I*I71 conju-
gates of [I']~, under Aut(M/A) as well, and so [I']~, € bdd"(A) by Proposition [L.4]
again. By Proposition there must be an automorphism o € Aut(M/A, [I']~4)
such that o - I’ = I. Therefore [I']~, = [I]~, and hence I ~4 b,. O

4.2. Building ((weakly) total) J/bu-Morley sequences. Given that Lbu sat-

isfies full existence, an immediate, familiar Erd6s-Rado argument gives that \Lbu-
Morley sequences exist, but in the end we will need a technical strengthening of
this result.

Proposition 4.9. If (by)ser, is a family of real elements that is s-indiscernible
over a set of hyperimaginaries A, then there is a family (cy)ser,,, such that

® ccr,.,, 18 s-indiscernible over A,
® Cioii(f) = by for each f €Ty, and

e the sequence (C(;))i<w i an \Lbu—Morley sequence over A.

BFor i = 0, we have that K_1 EIAL71 K trivially, since K_1 = I = K.
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Proof. Let k be sufficiently large to apply Erdés-Rado to a sequence of tuples of
the same length as bep;, over the set A.

Let v(0) = o Let c?v = by for all f € T,) = Ta. Let go = @ (as an element of
Ta)-

At successor stage 5 + 1, assume we have (c{?)T7 (5 Which is s-indiscernible over
A and which satisfies ciw),w(ﬂ)(f) = c‘} for all 6 < 8. By Lemma we can build
a family (¢} cr )Twml) (for some successor ordinal (5 + 1) > v(5)) such that

. (cf )fET»yw-H) is s-indiscernible over A,

B _ B+1
) for each f € Tys), CF = ooy mipin () and

bu 41
C"r(ﬁ+1) \L: >1~ C"r((s;rl)*l'
Let gg+1 € 'T (B+1) be 1 ~ C;f(ﬁ+1)_1. Note that gg+1 & h. Also note that by
construction We have that

By Lt 5e(B+1)\lim(8 + 1)},

D8y, (541) (95)

since Ly (5),5(3+1)(95) > C;Y((g)ﬂ) for all non-limit § < 8+ 1.

At limit stage 3, let v(8) = sups.57(0) and let (c?)feﬁ(ﬁ) be the direct limit
of (Cfc)feTW;) for § < 8. Leave gg undefined.

Stop once we have (c';)fen(h_). Consider the sequence (Cgbw(ﬁ),—y(m)(gﬂ))ﬁen\limnm
By our choice of k and a standard application of the Erdés-Rado theorem, we can
find a family (cs)ser,,, such that the sequence (¢, )i<w is A-indiscernible and
for every increasing tuple 7 < w, thereis 8 € x\lim s such that cx (), - - - C>(ip)., =4

cg s cl .
B ts(80)(x) (980) Do gy (o) (98) "
In particular, note that this implies that

ety Ln{em o 13 < i}
for every i < w. Clearly by applying an automorphism, we may assume that
Cioasr(f) = by for each f € Ty, so all we need to do is show that the family cex,
is s-indiscernible over A.

Since the sequence (cp (), )i<w is A-indiscernible, it is sufficient, by induction,
to show the following statement: For any sequence fo, fi,..., fi, ..., fe of tuples
of elements of F, . satisfying f; > (i), for all i < ¢ and any h > (k), such that
fr and h realize the same quantifier-free type, we have that cf, and ¢y, realize the
same type over Acfo e CF  CFeiy - CFye

So let fo,...,fr and h be as in the statement. By construction, there are
Bo, ..., B¢ such that cp(;y, =a cgbwmim(n)(gﬁi) for each 7 % 0. Let fl,....fi, 1
be the corresponding elements of 7, .). (So, in particular, f; > gg, for each i < /¢
and h' > gg,). We now have that f; and h’ realize the same quantifier-free type.
Therefore, by the s-indiscernible of CZT ;s we have that c;—, and c?, realize the

same type over Ac;—/ . From this the required statement follows,
0

K K
R

Jier T fz
and we have that ccr, , is s-indiscernible over A. O

\We write lim o for the set of limit ordinals in a.
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Corollary 4.10. For any set of hyperimaginaries A and any real tuple b, there is
an J/bu-Morley sequence (b;)i<. over A with by = b.

Proof. Apply Proposition [4.9 to the tree (by)c7, defined by by = [ O

The order type w is essential, however; Erdés-Rado only guarantees the existence
of sequences that satisfy the relevant condition on finite tuples. Fortunately, this
is more than sufficient for the following weak ‘chain condition.’

Lemma 4.11. If (b;)i<y s an J/bu-Morley sequence over A that is moreover Ac-

indiscernible, then by | ™ c.

Proof. Fix A. Let p = |bdd)(Ac) \ bdd}(A)|. Extend by, to (b;);<,+. We still
have that for any i < j < u™, b; J/bl: b; (since this is only a property of tp(b;b;/A)).
Therefore the sets bdd}(Ab;) \ bdd}(A) are pairwise disjoint. Since there are p*
many of them, one of them must be disjoint from bdd}(Ac) \ bdd}(A). Therefore
by indiscernibility, we must have by \Lb: c. O

We will not use the following corollary of Lemma but it is worth pointing
out.

Corollary 4.12. If I is a total J/bu -Morley sequence over A that is Ac-indiscernible,
then I b: c.

Proof. Extend I to an Ac-indiscernible sequence Iy + I1 + Io + ... with Iy = 1.
Since [ is totally J/bu—Morley, we have that (I;);<. is an J/b“—Morley sequence over

A. So by Lemma , we have I = I b: c. O

Parts (2) and (3) of following definition are equivalent to [8, Def. 2.1, 3.4] in
our context; this formulation is used implicitly in [6] and its equivalence to the
standard definition is discussed in [6] Rem. 5.8]. The rest of it is based on [6,
Def. 5.7], although we have had to modify the definition of restriction slightly in
order to deal with limit ordinals more smoothly.

Definition 4.13. Fix a family (by) e, -
(1) For w C a, the restriction of T, to the set of levels w is given by

Toalw ={f € To : mindom(f) € w, f € dom(f) \ w= f(B) =0}.

(2) A family (bs)se7, is str-indiscernible over A if it is s-indiscernible over A
and satisfies that for any finite w,v C o\ lima with |w| = |v|, beT, 1 and
beT, v realize the same type over A (where we take be7, 1. to be enumerated
according to <jex, which is a well-ordering on 7, |w for finite w).

(3) Wesay that ber, is | ""-spread-out over A if for any f € 7,* (with dom(f) =

[+ 1,a) for some 3 < «), the sequence (bsf—;)ice IS an |""-Morley
sequence over A.

(4) We say that ber, 1w is " -spread-out over A if for any f € T2 (with
dom(f) = [B + 1,a) for some 8 < « and satisfying that (f — 4);<, is a
sequence of elements of 7, [w), the sequence (b f—;)i<. is an J/bu—Morley
sequence over A (where we interpret by as @ if f ¢ T, [w).

15This can also be proven directly by the standard argument for the existence of Morley
sequences.



22 JAMES E. HANSON

(5) ber, isan | ™"-Morley tree over Aifitis | -spread-out and str-indiscernible
over A.

Note that if ber;, is J/bu—spread-out over A, then any restriction ber, |y is also
Lbu—spread—out over A (even for infinite w). Also note that, by a basic compactness
argument, if « is infinite and (by)se7, is str-indiscernible over A, then for any S,
we can find a tree (cf)ye7, which is str-indiscernible over A such that for any
w € [a]<* and v € [B]<* with |w| = [v|, beT, jw =4 CeTy 0

Proposition 4.14. For any set of hyperimaginaries A, real tuple b, and k, there

is a tree (by)ser. that is |™-spread-out and s-indiscernible over A such that for
each f € Ty, by =4 b.

Proof. Let (b?c) feT, be defined by b% = b. This is vacuously J/bu—spread—out and
s-indiscernible over A.

At successor stage a+1, given (b?) feT, which is \Lbu—spread—out and s-indiscernible
by Proposition@ we can find an extension (b?ﬂ)fe}'a“ satisfying bLO:",_al+1(f) = b§
for all f € 7T, such that bg'}}iﬂ is s-indiscernible over A and (bg‘&%a)Kw is an

-Morley sequence over A. By Fact [3.3] we can fin =4 b such that the

" Morl A. By Fact [3.3 find 62! =, b such that th

tree (b‘;‘“)fgra 41 is s-indiscernible over A. By construction, we now have that
(03 ) reTay, s | P"-spread-out over A.

At limit stage o, let (b%)re7, be the direct limit of (b?)fe'Tﬂ for 8 < . Tt is
immediate from the definitions that b, is J/bu—spread—out and s-indiscernible over
A.

Once we have constructed (b)rer,, let by = b for each f € 7. We have that
beT, is the required tree by induction. ([

By the same argument as in [0, Lem. 5.10], we get the following.

Fact 4.15. Fiz a set of real parameters A, and let (by)jer. be a family of tuples
of real parameters of the same length that is s-indiscernible over A. If k > Jy+(\)
(where X\ = 2140 1HIT1) " then there is an str-indiscernible tree (cy)jer, such that
for any w € [w]<¥, there is v € [K]<¥ such that

(¥)a for any w € [w]=¥, there is v € [K]<Y such that (bf)feT.io =a (Cf)feTw-

Note that Fact generalizes to continuous logic by the same soft argument
as in the discussion after Fact 3.3

Lemma 4.16. Suppose that a family of tuples of real elements (by) e, is J/bu—
spread-out and s-indiscernible over a set of hyperimaginaries A with all by tuples of
the same length. If & > Jy+ (\) (where X = 2142 1H1T1) then, there is an | ""-Morley
tree (cf) re7, over A such that condition (%) from Fact holds.

Proof. Find a model M with [M| < |A| + R such that A C bdd"%(M). Apply
Fact with M as the base to the family (by) e7, to get a tree (cf)rer, that
is str-indiscernible over M and satisfies ()as. This is enough to imply that cer,
is str-indiscernible over A and satisfies (*)4. Furthermore, since the tree cer,
has height w and since be7, is J/bu—spread—out over A, ()4 implies that ccr, is

Lbu—spread—out over A. Therefore cc7;, is an J/bu—l\/[orley tree over A. O
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Proposition 4.17. If (by)set, is a family of tuples of real elements that is an
Lbu—Morley tree over a set of hyperimaginaries A, then (bqg)ﬁ«u is a weakly total

Lbu—Morley sequence over A.

Proof. Fix a linear order O. Let ¢, = b¢w for each a < w.

For each positive n < w and each i < j < w, we have that bp¢w~; \Lb: b o ~j
and that the sequence (by¢w~;)i<w is Acsp-indiscernible. By compactness, we can
find (c¢i)ico such that (¢;)icwto is A-indiscernible and such that (bscw~i)icw 18
Acg[n w)+o-indiscernible for each n < w.

Therefore, by Lemma we have that c<, J/b: Cefnw)+o- Hence, (bes)pcc is
a weakly total | ""-Morley sequence. O

Corollary 4.18. For any set of hyperimaginaries A and tuple of real elements b,
there is an A-indiscernible sequence (b;)i<., with by = b such that for any V' =4 b
and n < w, there are Iy, Jo, I1,J1 ..., Jg—1, I with

b the first element of Iy,

b the first element of Iy,

|I;| = n for alli <k,

J; infinite for all i < k, and

I;+J; and I; 41+ J; realizing the same EM-type over A as b, for alli < k.
We can also arrange it so that I; is infinite for all i < k, |J;| = n for alli < k, and
I; + J; and I;41 + J; realize the same EM-type over A as b, in the reverse order
for all i < k (with the same choice of b<,, but possibly a different k).

Proof. By Lemma and Proposition we can find a sequence (b;);<, with
bo = b that is a weakly total J_/bu—Morley sequence over A. Fix n < w, and write
bew as I + J with |I| = n. By repeating the proof of Proposition we get the
required configuration of I;’s and J;’s.

For the final statement, by compactness, we can find an indiscernible sequence
K of order type w which has b as its first element and realizes the reverse of the
EM-type of b, over A. Fix an n < w. If we partition K as I+ .J where |J| = n and
again repeat the proof of Proposition we get the second required configuration
of I;’s and J;’s. [l

To go further, we will need the following fact from [I0]. Recall that the statement
k — (a)5* means that whenever f : [k]<* — 7 is a function, there is a set X C &
of order type « such that for each n < w, f is constant on [X]".
Fact 4.19 (Silver [I0, Ch. 4]). For any limit ordinal ¢, if K is the smallest cardinal
satisfying k — ()5, then for any v < Kk, kK — ()5¢. Furthermore, & is strongly
inaccessible.

The smallest cardinal X satisfying A — (a)5* is called the Erdés cardinal x(a).
In the specific case of a = w, we will also need the following lemma.

Lemma 4.20. If K — (w)5¥, then (")t — (w + 1)5¥. In particular, if x(w)

exists, then (25T — (w+ 1) for any v < K(w).
Proof. Fix a set X of cardinality (v*)" and a coloring f : [X]<* — ~. Fix an or-
dering (24 )a<(y~)+ of X. Recall that a subset Y C X is end-homogeneous if for any

Jop <+ <Opor <a<B< (V) f{xsgs-- x5, 1:2a}) = f{@sg, - Ts, 1, 28}).
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By [5, Lem. 15.2], there is an end-homogeneous set Y C X of order type k + 1.
Let (Yo)a<r+1 be an enumeration of YV in order. Let g(4) = f(AU {y.}). By
assumption, there is a g-homogeneous subset Z C Y of order type w. Therefore, by
construction, Z U {y,} is the required f-homogeneous subset of order type w + 1.

The last statement follows from the fact that x(w) is strongly inaccessible and
cardinal arithmetic (i.e., 28() = 4% for 4 > 1 with v < x(w)). O

Lemma 4.21. Suppose (bf) rer, is J/bu—spread—out and s-indiscernible over A with
all by tuples of the same length. If X — (w + 1);‘;;M+m, then there is a set X C

A\ lim A with order type w + 1 such that bery 1 x is an J/bu—Morley tree over A.

Proof. Let t be the function on [A \ lim A]<“ that takes w € [A\ LmA]<* to
tp(beT 1w/A). By assumption, we can find X C A\ lim A of order type w + 1 such

that ¢ is homogeneous on X. be7,x is s-indiscernible over A and J/bu—spread—out
over A, since these properties are both preserved by passing to restrictions. O

Theorem 4.22. For any A and b in any theory T, if there is a cardinal \ satisfying
A= (w+ 1);§b\+m, then there is a total J/bu—Morley sequence (b;)i<, over A with
by = b.

In particular, it is enough if there is an Erdds cardinal k(a) such that |Ab|+|T| <
k(@) (for any limit o > w).

Proof. If the Erdés cardinal () exists and |Ab| + |T'| < k(«), then by Fact
we have 2/4°HIT1 < k(a) as well. Then if a = w, we have that (2°“)* — (w +
1)5 %547 by Lemma If @ > w, we clearly have r(a) = (w + 1)5%, 1 by
Fact So in any such case we have the required \.

Let A be a cardinal such that A — (w4 1)5%, 4, holds. By Proposition m
we can build a tree (by)fe7, that is s-indiscernible and J/bu—spread—out over A. By
Lemma and the choice of A, we can extract an | ""-Morley tree (cf)reToin
from this.

By compactness, we can extend this to a tree (cf)se7,, ., that is str-indiscernible
over A. We still have that for any ¢ < j < w,

bu
Cocoty~iLaleety~i
but now we also have that the (cypwtw_;)icw 18 AU {cw+w : i < w}-indiscernible,
Y’ Coti
by str-indiscernibility of the full tree ce7, ., . Therefore, by Lemma
b )
Cp ot~ J/X{cﬁfjf:f (i< wl,
so in particular,
. b .
{CCQ“W ti<w} J/:{CCSL%O ti < wh
Let d; = Couote for each i < w+ w. We have that (d;);<w+tw is A-indiscernible.
Furthermore, by Theorem we have that d., is a total J/bu—Morley sequence.
By applying an automorphism, we get the required b.,,. O

So if we assume that for every A, there is a s such that k — (w + 1)5%, we get
that Lascar strong type is always witnessed by total J/bu—Morley sequences in the
manner of Proposition [£.3]

The use of large cardinals in Theorem leaves an obvious question.
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Question 4.23. Does the statement ‘for every A and b, there is a total \Lbu -Morley
sequence (b;)i<, over A with by = b’ have any set-theoretic strength? What if we
add cardinality restrictions, such as |A| + |T| < Vg and |b] < Ro?

4.3. Total ¢bu-Morley sequences in tame theories. Lemma can be used

to show that |? implies |”* (where b |¢ 4 ¢ means that tp(b/Ac) does not divide
over A), something which was previously established for bounded hyperimaginary
independence, J/b, in [, Cor. 4.13] and which was originally folklore for algebraic
independence, J/am

Proposition 4.24. For any real elements A, b, and ¢, if b J/dA c, then b b: c.

Proof. Let (¢;)i<w be an \I/bu—Morley sequence over A with ¢y = ¢. Since b J/dA ¢, we
may assume that c.,, is Ab-indiscernible. Therefore, by Lemma , b J/b: c. O

Corollary 4.25. If (b;)i<. is a (non-dividing) Morley sequence over A, then it is
a total J/bu-Morley sequence over A. ]

In simple theories, we get the converse (Proposition . Recall that B \|/b ne
means bdd"™(AB) N bdd"(AC) = bdd"(A).

Lemma 4.26. Let T be a simple theory. For any A, b, and ¢, b \LfA C if and only
if there is an AC-indiscernible sequence (b;)i<., with by = b such that for any J and
K with J + K =M b, J |" K.
Proof. (The argument here is similar to the proof of [I, Lem. 3.2], but we will
give a proof for the sake of completeness.) If b J/fA C, then we can build an AC-
indiscernible J_/f—Morley sequence (b;);<., over A with by = b (since T is simple). By
some forking calculus, we have that J | K forany J and K with J+K =5M b,
Therefore, by [4, Cor. 4.13], J LbA K for any such J and K as well.

Conversely, assume that there is an AC-indiscernible sequence (b;);<., with by =
b such that for any J and K with J + K =EM b, J J/bA K. Let k be a regular
cardinal such that every type (in the same sort as C) does not fork over some
set of cardinality less than k. Let (b;)i<xt+x* be an AC-indiscernible sequence
extending b.,, where k* is an order-reversed copy of k. Now we clearly have that
ber J/bA ber+. By local character, there is a set D C Ab.,, with |D| < k such that
C J/fD Ab. . Since k is regular, there is a A < & such that D C Ab.,. Therefore, by

base monotonicity, C J/fAb N Ab . Since bs )y is Ab.)C-indiscernible, we have that
- >
C J/fAbQ Abcyip+. Therefore, by base monotonicity again, C J/fAbQi Abgyi . By

the symmetric argument, C' J/fAbEN* Abcyyrr as well.

In simple theories, forking is characterized by canonical bases in the follow-
ing way: E \LfDF (with D C F) holds if and only if ch(tp(E/bdd"%(F))) e
bdd" (D) [7, Lem. 4.3.4]. Therefore, we have that cb(tp(C/ bdd™(Abecyyx-))) €
bdd"%(Ab_,.) N bdd"4(Abe,-), but bdd"I(Ab.,) N bdd™(Abe,-) = bdd"®d(A)

16 here is an incorrect proof of this in the literature. To the author’s knowledge, the first
correct published proof of this is in [4, Thm. 4.11].
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by assumption. So C’JfA beptr+, whence C \LfA bo and hence by \LfA C, as re-
quired. O

Proposition 4.27. Let T be a simple theory. For any A and A-indiscernible
sequence I, the following are equivalent.

(1) I is an J/f-Morley sequence over A.

(2) For any J and K with J + K =5M I, JJ/bA K.

(8) I is a total J/bu—Morley sequence over A.

Proof. (1)=(3) is Corollary (3)=(2) is obvious. For (2)=-(1), assume that
(2) holds. Fix (b;)icwiw =5V I. (bi)w<icwrw is Abc-indiscernible. Therefore by
Lemmam be J/fA b<w, and we have that b< 1, and therefore I, is an J/f—Morley
sequence over A. O

On the other hand, there are easy examples in NIP theories (such as DLO) of
total Lbu—Morley sequences that are not strict Morley sequences (i.e., sequences b,
satisfying that b; |, be; and be; |, b; for all i < w). Fix a model M of DLO and
let (a;b;)i<. be a sequence of elements above M satisfying a; < a;11 < bip1 < b;
for all ¢+ < w. This is a total \Lbu—Morley sequence since it is generated by an M-
invariant type, but it is clearly not a strict Morley sequence. DLO can also be used
to show that not every J/b—Morley sequence in a rosy theory is a total \Lbu—Morley
sequence (e.g., [1, Ex. 3.13] is an J/b—Morley sequence since p-forking in DLO is
trivial but fails to even be an | "-Morley sequence).

In NSOP; theories, we do get that tree Morley sequences are total J/bu—Morley
sequences.

Proposition 4.28. Let T be an NSOP; theory, and let M = T. If I is a tree
Morley sequence over M, then it is a total J/bu—Morley sequence over M.

Proof. Let J be a sequence realizing the same EM-type as I over M. Find K =), I
such that K J_,KM 1J. Let I', J', and K’ have the same order type such that [+ I’,
J+J', and K + K’ are all M-indiscernible. Since these are tree Morley sequences,
we have that I \LKM I, J J/KM J’, and K J/KM K'. Therefore, by the independence
theorem for NSOP; theories, we can find I” and J” such that I + 1", K + I”,
K +J", and J+ J” are all M-indiscernible, so I ~; J.

Since we can do this for any such J, we have that [ is a total J/bu—Morley sequence
by Theorem [4.8 and the fact that Lascar strong types are types over models. [

The converse is unclear. The argument in the context of simple theories relies
on the existence of canonical bases for types.

Question 4.29. If T is NSOP;, is every total \Lbu-Morley sequence over M =T
a tree Morley sequence over M ?
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